Abstract. We study four distinct second-order nonlinear equations of Rabelo which describe pseudospherical surfaces. By transforming these equations to the constant-characteristic form we relate them to some well-studied integrable equations. Two of the Rabelo equations are found to be related to the sine-Gordon equation. The other two are transformed into a linear equation and the Liouville equation, and in this way their general solutions are obtained.
Introduction
In [1] Rabelo proved that the partial differential equation
where g(u) is any solution of the linear ordinary differential equation
and α, β, µ and θ are arbitrary constants, describes pseudospherical surfaces and possesses a zero-curvature representation with a parameter. Later this equation was studied in [2] , where its Lax pair was given explicitly and a Bäcklund self-transformation was constructed. When α = 0, one can easily turn the system of equations (1) and (2) into the well-studied linear equation, Liouville equation or sine-Gordon equation, using appropriate (complex-valued, in general) Galilean and scale transformations of x and t and affine transformations of u. The case of a nonzero α is more rich and interesting. When α = 0, the system of equations (1) and (2) is equivalent, through transformations of the above-mentioned type, to one of the following four distinct nonlinear equations (see the Appendix on page 6 for some details):
In this paper we refer to equations (3)- (6) as the Rabelo equations; moreover, in order to distinguish between them, we call equations (3), (4), (5) and (6) (3)-(6) from the Lax pair of system (1)-(2) given in [2] . The quadratic and cubic Rabelo equations (3) and (4) are associated with the well-known Wadati-Konno-Ichikawa spectral problem [3] , whereas the spectral problem of the exp-Rabelo and sine-Rabelo equations (5) and (6) is of a different type which, to our knowledge, has not been studied as yet. The main aim of this paper, however, is to show that it is not necessary to apply any special inverse scattering transform technique to the Rabelo equations (3)-(6) because these equations can be transformed to some well-studied integrable equations. In Section 2 we transform the quadratic Rabelo equation to a linear equation, thus obtaining the general solution of equation (3) in an implicit form. In Section 3 we transform the cubic Rabelo equation (4) to the sine-Gordon equation. In Section 4 we find a transformation relating the exp-Rabelo equation to the Liouville equation and obtain in this way the general solution of equation (5) in a parametric form. In Section 5 we find a transformation relating the sine-Rabelo equation to the sine-Gordon equation. Section 6 contains a summary of our results.
Some words are due on what else is known about equations (3)- (6) . The quadratic Rabelo equation (3) is a special case of the Calogero equation u xt +uu xx +F (u x ) = 0 solvable by quadrature for any function F [4] (note also a different approach [5] to solve the Calogero equation). The cubic Rabelo equation (4) appeared recently in nonlinear optics as the Schäfer-Wayne short pulse equation describing the propagation of ultra-short light pulses in silica optical fibers [6] . The transformation between the cubic Rabelo equation (a.k.a. the short pulse equation) and the sine-Gordon equation was discovered in [7] , and later it was used in [8] for deriving exact loop and pulse solutions of equation (4) from known kink and breather solutions of the sine-Gordon equation. The recursion operator [7] , Hamiltonian structures and conserved quantities [9, 10] , multisoliton solutions [11] and periodic solutions [12] of equation (4) were found and studied as well. On the contrary, the exp-Rabelo and sine-Rabelo equations (5) and (6) have not been studied in any detail as yet, neither have we known about any application of equations (3), (5) and (6).
The quadratic Rabelo equation
Let us bring equation (3) into a form with constant characteristic directions (consult, e.g., [13] for a definition of characteristics). We make the change of independent variables
in equation (3), and require that the coefficients at v yy and v ss in the resulting expression are equal to zero, which imposes two conditions
on two functions y(x, t) and s(x, t) of the transformation. Taking into account the nondegeneracy condition y x s t − y t s x = 0, we choose
and s x = 0 in system (8) without loss of generality; moreover, we set s = t for simplicity. As a result, equation (3) in variables (7) with s = t takes the form
where y(x, t) satisfies condition (9) . Inverting y = y(x, t) as x = x(y, t), we get y x = 1/x y and y t = −x t /x y , which brings the system of equations (9)- (10) into the constant-characteristic form
This linear system (11), equivalent to the quadratic Rabelo equation (3), can be solved easily. We eliminate v(y, t) from system (11), get the equation
find its general solution, and in this way obtain the following expressions:
where a(y), b(y) and c(t) are arbitrary functions. These expressions (13), where we should replace v by u(x, t), give us a parametric form of the general solution of the quadratic Rabelo equation (3), the variable y being the parameter. Note, however, that the general solution of equation (3) must contain two arbitrary functions of one variable, whereas we have three arbitrary functions in expressions (13) . This redundant arbitrariness corresponds to the invariance of system (11) with respect to an arbitrary transformation y → φ(y), which just means that y is a parameter. Note also that, due to x y = 0, the functions a(y) and b(y) cannot be simultaneously constant in expressions (13), therefore we can always make a = y or b = y by an appropriate transformation y → φ(y) of the parameter. We can rewrite the parametric general solution (13) of equation (3) in the following implicit form. When a(y) = const, we make a = y, eliminate y from expressions (13) for x and u(x, t) = v, and obtain
where b and c are arbitrary functions of their arguments. This expression (14) is the implicit "almost general" solution of equation (3), where the word "almost" reminds of the restriction a(y) = const used. The case of a(y) = const in expressions (13) leads to the special solution u = x tan t + d(t) of equation (3), where d(t) is an arbitrary function; this special solution is not covered by expression (14) , and jointly they constitute the general solution of the quadratic Rabelo equation. We believe that our general solution of equation (3) is much simpler than the one derivable by the method used in [4] , though it is very likely that expressions (13) could be obtained by the method proposed in [5] .
The cubic Rabelo equation
Following the same way as in Section 2, we make the change of independent variables (7) in equation (4), require that the coefficients at v yy and v ss in the resulting expression are equal to zero, choose s = t, invert y = y(x, t) as x = x(y, t), and thus transform the cubic Rabelo equation to the system v yt − vx y = 0,
possessing constant characteristics. Next we eliminate x(y, t) from equations (15) and integrate the resulting third-order equation
using the integrating multiplier 2v yt /v. As a result, the cubic Rabelo equation is transformed to the equation
where f (y) is an arbitrary function. When f (y) = 0 in equation (17), we make f (y) = 1, using an appropriate transformation y → φ(y), and obtain the equation
where we omit the ± sign in the right-hand side because the sign can be changed by y → −y.
The potential transformation v = z t (y, t) relates equation (18) to the sine-Gordon equation
As a result of this, taking into account equations (15), we obtain the following transformation between the cubic Rabelo equation (4) and the sine-Gordon equation (19): u(x, t) = z t (y, t), x = x(y, t) : x y = cos z,
This transformation was found for the first time in [7] , in a different way and in a more involved form; later, in [8] , it was brought into the present form and used for deriving exact solitary wave solutions of equation (4) . Note that, for any solution z(y, t) of the sine-Gordon equation, transformation (20) produces a solution u(x, t) of the cubic Rabelo equation, determined up to an arbitrary constant shift of x and given in a parametric form, with y being the parameter. When f (y) = 0 in equation (17), we get v y = ±ix y due to the first equation of system (15), which immediately leads to the special solution
of the cubic Rabelo equation, where g(t) is an arbitrary function. This expression (21) embraces all those solutions of equation (4) which cannot be obtained by means of transformation (20).
The exp-Rabelo equation
Using again the method described in Section 2, we transform the exp-Rabelo equation (5) to the following constant-characteristic system of equations:
Next we eliminate v(y, t) from equations (22), make for simplicity the substitution x(y, t) = log w(y, t), integrate the resulting equation
using the integrating multiplier w t /w yt , and in this way obtain
where f (y) is an arbitrary function.
When f (y) = 0 in equation (24), we make f (y) = 1 by an appropriate transformation y → φ(y). In this case the potential transformation w = z y (y, t) relates equation (24) to the Liouville equation
Simplifying the chain of transformations used, we find that the exp-Rabelo equation (5) is related to the Liouville equation (25) as follows:
Then, using transformation (26) and the well-known general solution
of the Liouville equation (25), where a(y) and b(t) are arbitrary functions, we obtain the parametric "almost general" solution
of the exp-Rabelo equation (5), with y being the parameter, where the word "almost" reminds of the restriction f (y) = 0 used. Evidently, it is impossible to rewrite this parametric solution in an implicit form by eliminating y from expressions (28) with arbitrary functions a(y) and b(t). When f (y) = 0, equation (24) is linear, and we obtain the special solution
of equation (5), where g(t) is an arbitrary function; this special solution is not covered by the "almost general" solution (28), and jointly they constitute the general solution of the exp-Rabelo equation.
The sine-Rabelo equation
Doing all the same as in Section 2, we bring the sine-Rabelo equation (6) into the constantcharacteristic form
Next we eliminate x(y, t) from system (30), integrate the resulting equation
using the integrating multiplier 2v yt / sin v, and in this way obtain
where f (y) is an arbitrary function. When f (y) = 0 in equation (32), we make f (y) = 1 by an appropriate transformation y → φ(y) and obtain the equation
where the ± sign in the right-hand side is omitted because it can be inverted by y → −y. This equation (33) is the modified sine-Gordon equation of Chen [14] related to the sine-Gordon equation (19) by the transformation z = v + arcsin v y . Note that we can express the transformation between equations (19) and (33) as the Bäcklund transformation
Furthermore, from equations (30) and (33) we have
These relations (34) and (35) completely determine the transformation between the sine-Rabelo equation (6) and the sine-Gordon equation (19), which works in the following way. For any given solution z(y, t) of the sine-Gordon equation, relations (34) determine a corresponding function v(y, t) up to one arbitrary constant (note that it is necessary to solve a first-order ordinary differential equation at this step). Then, with this function v(y, t) obtained, relations (35) determine a corresponding function x(y, t) up to an arbitrary additive constant of integration. Finally, expressions u(x, t) = v(y, t) and x = x(y, t) determine a solution u(x, t) of the sineRabelo equation in a parametric form, with y being the parameter. When f (y) = 0 in equation (32), we have v y = ±ix y owing to the first equation of system (30) and obtain the special solution
of the sine-Rabelo equation, where g(t) is an arbitrary function. This expression (36) embraces all those solutions of equation (6) which cannot be obtained using transformation (34)-(35).
Conclusion
In this paper we studied four second-order nonlinear equations (3)-(6) introduced by Rabelo. We found the transformations relating the Rabelo equations to some well-studied integrable equations. The quadratic Rabelo equation (3) and the exp-Rabelo equation (5) were transformed into a linear equation and the Liouville equation, respectively, and in this way their general solutions were obtained. The cubic Rabelo equation (4) and the sine-Rabelo equation (6) were found to be related to the sine-Gordon equation. We believe that these results can be important for further studies on properties and solutions of the Rabelo equations, especially if there appear some applications of equations (3), (5) and (6) to physics and technology.
Appendix: Four Rabelo equations
It is a commonplace of soliton theory, and really an easy exercise in the case of system (1)- (2), to bring an integrable equation under investigation into a form containing no free parameters, using appropriate point transformations of variables. The transformation and obtain equation (6) for U (X, T ).
